The motion of point charged particles is considered in an even dimensional Minkowski space-time. The potential functions corresponding to the massless scalar and the Maxwell fields are derived algorithmically. It is shown that in all even dimensions particles lose energy due to acceleration. *
Introduction
Recently Gal'tsov [1] and Kazinski et al [2] have considered the Lorentz-Dirac equation for a radiating point charge in a Minkowski space-time of arbitrary dimension. They showed that the mass renormalization is possible only in three and four dimensions. In their discussion, they have also given the retarded Green's functions of the D'Alembert equation in any dimensions which was in fact constructed rigorously a long time ago [3] . Motivated by these works, we are interested in the radiation problem of accelerated point charges in all even dimensions 1 . Here we find the Liénard-Wiechert potentials corresponding to the massless scalar and the Maxwell fields in all even dimensions. We then use these potentials to relate the radiation from an accelerated point particle to its motion and the geometry of its trajectory.
We derive the energy flux for this radiation and show that accelerating point charged particles lose energy in all even dimensions.
In the next Section, we develop the kinematics of a curve C in a D-dimensional Minkowski manifold M D . In Section 3 we find the Liénard-Wiechert potentials of massless free scalar fields in an even dimensional Minkowski space. We calculate the energy radiated due to the acceleration. We show that in all even dimensions such particles lose energy, as can be expected.
In Section 4, we determine the Liénard-Wiechert potentials for the Maxwell theory. We give a recursion relation between the vector potentials of the theory in two consecutive even dimensions. In Section 4, we also show that particles carrying electric charges lose energy in all even dimensions. We construct explicit solutions of the electromagnetic vector field due to the acceleration of charged particles in 4,6,8,10 dimensions. We then find the energy fluxes in 4,6,8 dimensions due to acceleration. In Appendix A, we give the Serret-Frenet equations in an arbitrary Minkowski space-time and also some auxiliary tools used in the calculation of the energy flux integrals. In Appendix B, we give a proof of the recursion relation introduced in Section 4.
Curves in D-Dimensional Minkowski Space
In our previous works [4] , [5] , [6] we have developed a curve kinematics to be between the points x µ and z µ (τ ), then by definition it is given by
where η µν = diag(−1, 1, · · · , 1). Hence Φ vanishes at the retarded, τ 0 , and advanced, τ 1 , times. In this work we shall focus ourselves to the retarded case only. The Green's function for the vector potential chooses this point on the curve C [7] , [8] . By differentiating Φ with respect to x µ and letting τ = τ 0 , we get
where R is the retarded distance, λ µ is a null vector and a dot over a letter denotes differentiation with respect to τ 0 . The derivatives of R and λ µ , using (2) , are given by
where
Here ǫ = 0, −1 for null and time-like curves, respectively. Furthermore, we have
Letting a = A R
, it is easy to prove that
Moreover one has
for all k (k = 0 is also included if we let a 0 = a). For a more detailed discussion, please refer to [4] . Here n is a positive integer which depends on the dimension D of the manifold M D . An analysis using Serret-Frenet frames shows that the scalars (a, a k ), are related to the curvature scalars of
The number of such scalars is D − 1 [9] . Hence we let
Massless Scalar Field
Let φ describe a massless scalar field satisfying the free field equation
Let D be a positive even integer, and φ (D) and φ (D+2) denote the retarded solutions (Liénard-Wiechert potentials) of the massless scalar field in D and D + 2 dimensions, respectively. Then
In this recursion relation we emphasize that the expressions on the right hand 
where c = c(τ ) is the (time dependent) scalar charge and
The flux of massless scalar field energy is then given by (see [7] and [11] for this definition and also for the integration surface S)
(η αβ ∂ α φ ∂ β φ)η µν is the energy momentum tensor of the massless scalar field φ. The surface element dS µ on S is given by
where n ν is orthogonal to the velocity vector fieldż µ which is defined through
Here ǫ 1 = ±1. For the remaining part of this work we shall assume ǫ = −1 (C is a time-like curve). One can consider S in the rest frame as a sphere of radius R. Here dΩ is the solid angle. Letting dE/dτ = N φ , we have
At very large values of R the energy flux is given by
It turns out that the energy flux expression has a fixed sign for all D. The energy flux of the massless scalar field φ as R → ∞ is given by
where we obtain R independent functions (for each
As an example let D = 4. We take φ (6) from (13), multiply it by R 2 and let R → ∞ (then p → a), and finally we obtain ξ (4) . The explicit expressions of ξ (D) are as follows:
Hence we have (assuming c = constant)
4 Electromagnetic Field potential of four dimensions [8] . Hereż µ is the four velocity, R and τ are, respectively, the retarded distance and time in four dimensions. Using the recursion relation (27) the right hand side becomes
We then regard this expression as the solution A 
The flux of electromagnetic energy is then given by [7] (the integration surface S is also given in this reference)
F 2 η µν is the Maxwell energy momentum tensor, 
At very large values of R, for all even D, we get
Here we have two remarks. First one is on the gauge dependence of (34) is the same in all dimensions. These vectors are explicitly given as follows:
These lead to the following energy flux expressions
To be compatible with the classical results [7] , [8] , one should take ǫ 1 = −1.
Conclusion
In this work we have considered radiation of scalar and vector fields due to acceleration of point charged particles. We first examined the geometric properties of their paths in an even dimensional Minkowski space M D . By using the curve kinematics we developed, we have first found the retarded Appendix A: Serret-Frenet Frames.
In this Appendix, we first give the Serret-Frenet frame in D dimensions.
Here we shall assume that the curve C described in Section 2 is time-like and has the tangent vector T µ =ż µ . Starting from this unit tangent vector, by repeated differentiation with respect to the arclength parameter τ 0 , one can generate an orthonormal frame 
Here n µ is a space-like vector orthogonal to T µ . It can be expressed as a linear combination of the unit vectors N i 's as
One can choose the spherical angles
Hence we can calculate the scalars a k in terms of the curvatures of the curve C and the angles (θ, φ 1 , · · · , φ D−3 ) at the point z µ (τ 0 ). We need these expressions in the evaluation of energy flux formulae. As an example we give a and a 1 :
The rest of the scalars can be determined similarly. It is clear that these scalars, a k , depend on the curvatures and the spherical angles, for all k.
Appendix B: The proof of the Recursion relations (11) and (27) Here we give the proof for the vector potential case. The same type of proof applies also for the scalar case. Using the recursion relation (27) successively we get
On the other hand, from [1] and [2] , we have
where τ is the parameter of the curve C. The integral here is carried on the range of τ ∈ (−∞, ∞). Here G(x − z(τ )) is the retarded Green function given by
Here Φ is the world function given by (1), θ(x) is the Heaviside step function and
Here we assume that D is an even integer (When D is an odd integer, the expression for the Green function in (51) contains the step function instead of the δ-function. Hence the potentials in all odd dimensions remain non-local (integral expressions). This makes our curve kinematics ineffective). The zeros of Φ denote the advanced and retarded proper times on the curve C, but the step function θ(x 0 ) chooses the retarded one. Since the integration is over the curve parameter τ in (50), it is better to transform the derivative of the delta function with respect to Φ to the derivative with respect to τ . As a simple example consider the D=6 case
It is easy to show that dΦ dτ = −R. The delta function δ(Φ) can be expressed as follows
The second term will vanish identically due to the step function in (51). 
and integrating by parts, we obtain (49).
